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Abstract 

In this paper, we study properties of the dual process and Schrodinger-type operators of 
a non-symmetric diffusion with measure- valued drift. Let fi — (/i^, . . . be such that each 

is a signed measure on R'' belonging to the Kato class K^^i. A diffusion with drift fi is a 
diffusion process in R'' whose generator can be informally written as i + /i • V where i is a 
uniformly elliptic differential operator. When each /i* is given by U^{x)dx for some function 
/7\ a diffusion with drift /i is a diffusion in R'' with generator L + [/ • V. In ^^E], we have 
already studied properties of diffusions with measure-value drifts in bounded domains. In this 
paper we discuss the potential theory of the dual process and Schrodinger-type operators of a 
diffusion with measure- valued drift. 

We show that a killed diffusion process with measure- valued drift in any bounded domain has 
a dual process with respect to a certain reference measure. For an arbitrary bounded domain, 
we show that a scale invariant Harnack inequality is true for the dual process. We also show 
that, if the domain is bounded C^'^, the boundary Harnack principle for the dual process is true 
and the (minimal) Martin boundary for the dual process can be identified with the Euclidean 
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boundary. It is also shown that the harmonic measure for the dual process is locally comparable 
to that of the /i-conditioned Brownian motion with h being the ground state. 

Informally the Schrodinger operator we consider is L + fi ■ \7 + v where L is uniformly 
elliptic, /i is a vector-valued signed measure in R'' and is a signed measure in R''. Under the 
gaugeability assumption, if the domain is bounded Lipschitz, the (minimal) Martin boundary for 
the Schrodinger operator obtained from the diffusion with measure-value drift can be identified 
with the Euclidean boundary. 
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1 Introduction 

In this paper, we continue discussing diffusions with measure- valued drift from |14| I15j. 

Throughout this paper, we always assume that d >3. First we recall the definition of the Kato 
class K.d,a for a S (0, 2]. For any function / on R'^ and r > 0, we define 

m;M=sup/ 0<«<2. 

xeR'i J\x-y\<r 1-^ J/l 

In this paper, we mean, by a signed measure, the difference of two nonnegative measures at most 
one of which can have infinite total mass. For any signed measure v on R'^, we use and i'~ 
to denote its positive and negative parts, and \u\ = + u~ its total variation. For any signed 
measure v on R*^ and any r > 0, we define 

M-(r) = sup / < a < 2. 

xeJV^ J\x-y\<r \^ y\ 



Definition 1.1 Let < a < 2. We say that a function f on R'^ belongs to the Kato class K^ „ 
if \\m.j.^Q M'j{r) = 0. We say that a signed Radon measure v on R"^ belongs to the Kato class 
^d,a if lirririo ^ui^) ~ 0- ^'^y ^^^^ ^ d-dimensional vector valued function V = {V^, • • • , V^) 
on tV^ belongs to the Kato class K.^ ^ each belongs to the Kato class Kj^ q,. We say that a 
d-dimensional vector valued signed Radon measure /x = {jj^,--- on H'^ belongs to the Kato 
class ^d,a if each /x* belongs to the Kato class ^d,a- 
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Rigorously speaking a function / in K.d,a may not give rise to a signed measure 1/ in K.d,a 
since it may not give rise to a signed measure at all. However, for the sake of simplicity we use 
the convention that whenever we write that a signed measure v belongs to ^d,a we are implicitly 
assuming that we are covering the case of all the functions in K^; q, as well. 

Throughout this paper we assume that n = {n^ , . . . , ^'^) is fixed with each /x* being a signed 
measure on R'' belonging to K.d,i- We also assume that the operator L is either Li or L2 where 

^ (/ 1 
Li := - 9iiaijdj) and L2 := - ^ aijdidj 

i,j=l i,j=l 

with A := (fly) being and uniformly elliptic but not necessarily symmetric. 

Informally, when aij is symmetric, a diffusion process in R*^ with drift ;U is a diffusion process 
in R"' with generator L + • V. When each /i* is given by U^{x)dx for some function [/% a diffusion 
process with drift /i is a diffusion in R"' with generator L + U - V and it is a solution to the SDE 
dXt = dYt + U{Xt) • dt where 1" is a diffusion in R"* with generator L 

To give the precise definition of a diffusion with drift /v, in K^^ 1, we fix a non-negative smooth 
radial function ^{x) in R'^ with supp[<^] C -6(0, 1) and J (p{x)dx = 1. For any positive integer n, 
we put (pn{x) = 2"''(^(2"x). For 1 < i < d, define 



Kix) = J ^n{x-y)ii\dy). 



VuiUn{x) = {Ul{x),...,Ui{x)). 

In the definition below, we assume aij is symmetric. 

Definition 1.2 Suppose /j, = {jj}, . . . , jjfi) is such that each /i* is a signed measure on IV^ belonging 
to the Kato class \^d,i- ^ diffusion with drift ^ is a family of probability measures {Px '■ x G R*^} 
on C([0, 00), R*^), the space of continuous -valued functions on [0, 00), such that under each P^; 
we have 

Xt = x + Yt + At 

where 

(a) At = \im.n-^^ J^Un{Xs)ds uniformly in t over finite intervals, where the convergence is in 
probability; 

(b) there exists a subsequence {nk\ such that 

sup / \Unk{Xs)\ds < 00 

k Jo 

almost surely for each t > 0; 

(c) Yt is a diffusion in R'^ starting from the origin with generator L. 
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The existence and uniqueness of X were established in j2j (see Remark 6.1 in j^j). For any open 
set D, we use to denote the first exit time of i.e., = inf{i > : Xt ^ -D}. Given an 
open set D C R*^, we define XP{uj) = Xt{uj) if t < to{u>) and X['{uj) = d if t > to{uj), where d is 
a cemetery state. The process X^ is called a killed diffusion with drift // in D. In this paper we 
discuss properties of X^ when D is a bounded domain. 

When ttij is not symmetric, we use a simple reduction; Let Yj be the diffusion in R'^ with 
generator 

1 

- Y diiiaij + aji)dj). 



Note that 

d 1 ^1 1 

^ aijdidj = Y, -^^"-ij + <^ji)didj = ^ -^di{{aij + aji)dj) - ^ -di{aij + aji)dj 

i,j=l i,j=l i,j=l i,j=l 

and 

d d d d -, d 



di{aijdj) = Y ^ijdidj + ^ {diaij)dj = ^ ^5i((aij + aji)dj) + ^ ^5j(aij - aji)dj. 
i,j=i *ii=i *j=i *j=i *)i=i 

Since, for any bounded domain D, 

/d^ \ / d ^ d ^ 

( ^ -^di{aii + aii)|D, • • • ; X] 4^«("i'i + "di)!^' ] and ( ^ -9i(aii - aij)]/), • • • , ^ -^di{aid - aid)\D 

\i=l 1=1 / \i=l i=l / 



are in i , we construct Xt with a drift which is either 



( ^ \ ^ \ \ 

( /"^ + -9j(aii + aii)|z)(ix, • • • ,1^'^ + Yli '^^i("'i<i + adi)|z)C?2; j 

\ i=l 1=1 J 

or 

/ d ^ d ^ \ 

I /t^^ + ^ -9i(aii - aii)|D(ix, • • • j/u"* + ^ -^di{aid - axd)\Ddx \ 

\ i=l 1=1 / 

as in the Definition ll.21 Then the generator of the killed diffusion process X^ inD can be informally 
written as L + /x • V where L is either 

^ d 1 

- ^ diiaijdj) and - ^ Oij^iSj. 



ij=i «j=i 



with A := (aij) being and uniformly elliptic but not necessarily symmetric. 

Throughout this paper we assume that X^ is the process constructed above. In (also see 
section 6 in ^Sl)) we showed that X has a density q{t, x, y) which is continuous on (0, oo) x 
and that there exist positive constants q, i = 1, • • • , 9, such that 



cie ^"2*^ 2e 2t < q{t,x,y) < Cie'^^'-H ae 2t" (l.l) 
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and 

I |2 

\V^q{t,x,y)\<Cje''^'r^e-'''^ (1.2) 

for all {t,x,y) G (0, oo) x R'^ x R"^. We also showed that, for every bounded C^'^ domain D (see 
below for the definition), has a density which is continuous on (0, oo) x D x D and that for 
any T > 0, there exist positive constants q, z = 10, . . . , 14, such that 

Clot-Hl A ^)(1 A ^)e — < q''{t,x,y) < Ci2(l A i^)(l A ^^-^e—^^ (1.3) 



and 



|V.g^(t,x,y)| <ci4(lA^)t-^e-^^ (1.4) 

for all {t, X, y) € (0, T] x I? x D, where a Ab := min{a, b}, p{x) is the distance between x and dD. 
Using the estimates above we studied the potential theory of X in 14 and ^S] . More precisely, we 
proved the boundary Harnack principle holds for nonnegative harmonic functions of X in bounded 
Lipschitz domains and identified the Martin boundary of the killed process X^ when D is a bounded 
Lipschitz domain. 

In general, the process X does not have a dual and therefore results for Markov processes 
under the duality hypotheses, like the the general conditional gauge theorems of jSj and |Hj or the 
stability of Martin boundary under perturbation of can not be applied to X directly. In this 
paper we will prove that, for any bounded domain D, X^ has a dual process with respect to a 
certain reference measure and the dual process is a continuous Hunt process on D with the strong 
Feller property. By using this duality, we can apply the general conditional gauge theorems of [3] 
and |H1 and the stability result of to the present situation. 

After establishing the existence of the dual process, we study properties of the dual process. 
We show that a scale invariant Harnack inequality is true for the dual process. We also show that, 
if the domain is bounded C^'^, the boundary Harnack principle for the dual process is true and the 
(minimal) Martin boundary for the dual process can be identified with the Euclidean boundary. 
One of the interesting fact is that the harmonic measure for the dual process is locally comparable 
to that of the /i-conditioned Brownian motion with h being the ground state. 

In the concept of intrinsic ultracontractivity was extended to non-symmetric semigroups 
and it was proved there that the semigroup of a killed diffusion process in a bounded Lipschitz 
domain is intrinsic ultracontractive if the coefficients of the generator of the diffusion process are 
smooth. In ^H] we will use the duality proved in this paper to show that the Schrodinger semigroup 
of the killed process X^ is intrinsic ultracontractive under very weak assumptions on D. 

The content of this paper is organized as follows. In Section 2, we present some preliminary 
properties of the killed process X^ in an arbitrary bounded domain D; the existence of the dual 
process of X^ is proved in Section 3; Section 4 contains a result on the comparison of harmonic 
measures and a scale invariant Harnack inequality for the dual process which is used in Sections 5 
and 6 to study the Martin boundary of the dual process; and in the last section we specialize the 



5 



general conditional gauge theorems of [HI and [Hj to the present setting and then, using the stability 
result of [7j, get the stability of Martin boundaries of and its dual under perturbations. 

Throughout this paper, we use the notation a Ab := min{a, b} and a V 6 := max{a, b}. We will 
use the convention f{d) = for any function / on D. In this paper we will also use the following 
convention: the values of the constants ci, C2, • • • might change from one appearance to another. 
The labeling of the constants ci, C2, • • • starts anew in the statement of each result. In this paper, 
we use ":=" to denote a definition, which is read as "is defined to be". 

2 Diffusion with measure-valued drift in bounded domains 

In this section we assume that D is an arbitrary bounded domain and we will discuss some basic 
properties of that we will need later. 

It is shown in jl5j that X^ has a jointly continuous and strictly positive transition density 
function q^{t,x,y). Using the continuity q^{t,x,y) and the estimates the proof of the next 

proposition is easy. We omit the proof. 

Proposition 2.1 X^ is a Hunt processes and has the strong Feller property, i.e, for every f G 
L°°{D), PP f{x) := 'Fix[f{X[')] is bounded and continuous in D. 

We know from that there exist positive constants ci and C2 depending on D via its diameter 
such that for any {t,x,y) £ (0, oo) x D x D, 

I I ^ 

q^it,x,y) < cit-ie^T^. (2.1) 
Let GD{x,y) be the Green function of X^, i.e., 

/•oo 

GD{x,y) := / q^{t,x,y)dt. 
Jo 

Gd{x, y) is finite iov x ^ y and 

Gnix^y) < I ^2 (2-2) 

\x — y|" ^ 

for some C3 = C3(diam(Z))) > 0. Now define 

/id(x) := / GD{y,x)dy and ^D{dx) := hD{x)dx. 
Jd 

The following result says that is a reference measure for X^ . 

Proposition 2.2 For any bounded domain D, is an excessive measure with respect to X^ , i.e., 
for every Borel function / > 0, 



f{x)iD{dx)> [ E,[f{X[')]^Didx). 
Jd 



ID 

Moreover, Hd is a strictly positive, bounded continuous function on D. 
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Proof. By the Markov property, we have for any Borel function / > 0, 

/" /"OO 

/ E, [/(Xf )] GD(x,y)dy = E,. / E^z, [/(Xf )] ds 
Jd Jo 

f'CO f' 

= B,[fiXli,)]ds< fiy)GDix,y)dy, x e D. 
Jo Jd 

Integrating with respect to x, we get by Fubini's theorem, 

/ E, [/(X,^)] hniy)dy < [ f{y)hD{y)dy 
Jd Jd 

The second claim fohows from the continuity of Gd and H2.2|l . □ 

We define a new transition density function by 

-Du N Q^{t,x,y) 
q {t,x,y) ■- 



hD{y) 

Let 



OO 



GDix,y) := / q^it,x,y)dt - ^^^"^'^^ 



^D(y) 
Then G^ix^y) is the Green function of with respect to the reference measure ^d- 
Before we discuss properties of GDix,y), let's first recall some definitions. 

Definition 2.3 Suppose U is an open subset of D. A Borel function u defined on U is said to be 

(1) harmonic with respect to in U if 

uix) = B,[uiX^J], x£B, (2.3) 
for every bounded open set B with B C U ; 

(2) superharmonic with respect to X^ if u is non-negative and 

uix) > E,[uiXg)], x€B, 
for every bounded open set B with B C D; 

(3) excessive for X^ if u is non-negative and 

u{x) > E^ [u{X^)\ and u{x) = limE^ [u{X^)\ , t>0,x eD; 

(4) 0- potential for X^ if it is excessive for X^ and for every sequence {Un}n>i of open sets with 
Un C Un+i and UnUn = D, 



lim E^i 

n^oo 



u{X. 



D 



0; ^D-CL-e. X £ D. 



(5) a pure potential for X if it is a potential for X 



and 



lim [uiXf)] = 

t— >oo 



A Borel function u defined on U is said to be regular harmonic with respect to X in U if u is 
harmonic with respect to X^ in U and \2. is true for B = U; 

A Borel function u defined on D is said to be harmonic with respect to X^ if it is harmonic 
with respect to X^ in D. 

Since X^ is a Hunt processes with the strong Feller property, it is easy to check that u is 
excessive for X^ if and only if / is lower semi-continuous in D and super harmonic with respect to 
X^ . (See Theorem 4.5.3 in |,18] for the Brownian motion case, and the proof there can adapted 
easily to the present case.) 

We list some properties of the Green function Gnix^y) of X^ that we will need later. 

(Al) Gd{x, y) > for all {x, y) £ D x D; Gd{x, y) = oo if and only if x = y £ D; 

(A2) For every x £ D, Gnix, • ) and Gd{ • ,x) are extended continuous in D; 

(A3) For every compact subset K of D, Jj^ GD{x,y)S,D{dy) < oo. 

The above properties can be checked easily from Theorem 2.6 in JH] and our Proposition l2.2l and 
1)2. 2|) above. Thus X^ is a transient diffusion satisfying the conditions in and [211. ^PPly^g 
Theorem 1 in [23], we have that 

(A4) for each y, x ^ G£){x,y) is excessive for X^ and harmonic for X^ in D\ {y}. Moreover, 
for every open subset U of D, we have 



where Tu := inf{t > : Xf € U}. In particular, for every y £ D and e > 0, Gd{ ■ ,y) is 
regular harmonic in D \ B{y,e) with respect to X^. 

Since the set Z defined in jJJ (equation (12) on page 179) is empty, from Corollary 2 and 
Theorems 5-6 in rTT|, we have 

Theorem 2.4 (1) If u is a potential for X^ , then there exists a unique Radon measure u on D 



Jd 

(2) If f is an excessive function for X^ and f is not identically zero, then there exists a unique 
Radon measure v on D and a nonnegative harmonic function h for X^ such that f = Gou+h. 



E,[GD{Xg,y)] = GD{x,y) 



{x,y) £ D X U 



(2.4) 



such that 
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For y D, let X^'^ denote the /i-conditioned process obtained from with /i(-) = GD{-,y) 
and let denote the expectation for X^'^ starting from x ^ D. 



Theorem 2.5 For each y, x ^ G£){x,y) is a pure potential for X^ . In fact, for every sequence 
{Un}n>i of open sets with Un C Un+i and U„{7„ = D, 



lim Ex 

n— »oo 



Gn{X^^^,y) =0, x^y. 



Moreover, for every x,y & D, we have 

lim E,. = 0. 

Proof. Let x ^ y £ D. First we see that, from (Al)-(A2), the condition (H) in ^22^ holds. Also 
the strict positivity of G/j and (A4) imply that the set W on page 5 in |^ (also the set Z defined 
in [llj ) is empty. Thus by Theorem 2 in the lifetime for X^'y is finite P^-a.s. and 



limX 



D,y 



y P^a.s.. 



(2.5) 



Let {Dk, > 1} be an increasing sequence of relatively compact open subsets of D such that 
Dk cWk <Z D <md ^f=iDk = D. Then 



E, 



G^(XP„ ,y) = GD{x,y)n{rD, < C). 



By (jTSl), we have hm^^o^ ^Utd^ < C^) = 0. Thus 



lim E^ 



0. 



(2.6) 



The last claim in the theorem is easy. By 1)2. 1() and H2.2() . for every x,y G D, we have 

dz 



Bx[Gn(.X[',y)] < 



tihoiy) Jd \z-y\''-^'' 



which converges to zero as t goes to oo. 



□ 



The proof of the next proposition can be found in the proofs of Theorems 2-3 in |24j . Since we 
will refer to the argument of the proof of the proposition later, we include the proof here for the 
reader's convenience. 



Proposition 2.6 If h is a nonnegative harmonic function for X^ and U is an open subset of D 
with U C D, then there exists a Radon measure v supported on dU such that h = Gd^^ in U . In 
particular, every nonnegative harmonic function for X^ is continuous. 
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Proof. Using (|2.2|1 and (A1)-(A2), we see that the properties (a)-(b) in |^ is true for . Thus 
by Corollary 1 in [^S], h is excessive. Let Tjj := inf{t > : G U}. Since h is excessive, 
Corollary 1 to Theorem 2 in implies that there exists a Radon measure v supported on U such 
that E^[/i(X£^)] = Gdv{x) for ah x£ D. Since 

Gdv{x) = / GD{x,y)v{dy)+ I GD{x,y)v{dy) =: hi{x) + h2{x), xeD 
Ju JdU 

and hi and /12 are excessive (Theorem 12. 4p . hi and /12 must be harmonic with respect to X^ . Let 
K he a. compact subset of U . By the harmonicity of hi, we have 



E.[/ii(X^^J] = / GD{x,y)y{dy). 

JdU 



But, by Corollary 1 to Theorem 2 in 1/ can not charge the interior of K. Since K is an arbitrary 
compact subset of C/, we get that hi is identically zero and v is supported by dU . Therefore we 
have shown h{x) = '¥jx[h{X^^)] = Gdi^{x) for x G f/. Now the continuity of h follows from the 
continuity of □ 



3 Dual of in bounded domains 

In this section we assume that D is an arbitrary bounded domain. First we show that X^ has a 
nice dual process with respect to and then we will study the dual process of X^ . 

^D(+ ^ „\ _ q°(t,x,y) 



Recah that hoix) = f^GD{y,x)dy, ^oidx) = hD{x)dx, q^{t,x,y) = ^ h^y) and Guix^y) 

hoi 



We note that 



J^Gn(.x,y)^D{dx) < — /^^^J)^^^ Gd{x, y)dx = ||/id||l^(d) < 00. 
So we have 

(A5) for every compact subset K of D, Goix, y)S,D{dx) < 00. 

(A1)-(A5), (|^ and Theorem EISl imply that the conditions (i)-(vii) and (70)-(71) in (also see 
Remark on page 391 in j21j ) are satisfied, thus X^ has a continuous Hunt process as a dual process. 

Theorem 3.1 There exists a transient continuous Hunt process X^ in D such that X^ is a strong 
dual of X^ with respect to the measure S,d, that is, the density of the semigroup {PP}t>o of X^ 
is given by q^{t, x, y) := q^{t, y, x) and thus 



f{x)Pfg{x)^D{dx)= [ g{x)PPf{x)iD{dx) fov all f , g e L^D , ^d) 
Jd 
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Proof. The existence of a dual continuous Hunt process is proved in j^Hj. To show is 
transient, we need to show that for every compact subset K of D, Jj^GD{x.,y)£,D{dx) is bounded. 
This is just (A5) above. □ 

We will use C, to denote the lifetime of X^ . Note that the process X^ might have killing inside 
D, that is, the probablity of the event X^ g D might be strictly positive. 

By (Al), (A2) and (A5), X^ is a transient diffusion satisfying the conditions in ,24, and PT] . 
So by applying Theorem 1 in [23j, we have that 

(A6) for each y, x ^ GD{y,x) is excessive for X^ and harmonic in D \ {y}. Moreover, for every 
open subset U of D, we have 

B^[GD{y,Xg)] = GD{y,x), {x,y)eDxU (3.1) 

where Tjj := inf{t > : Xf £ U}. In particular, for every y £ D and e > 0, G^iy, •) is 
regular harmonic in D \ B{y,e) with respect to X^. 

Thus the Riesz representation theorem f Theorem 12. 4p is valid for X^ too. 

Theorem 3.2 (1) If u is a potential for X^, then there exists a unique Radon measure u on D 
such that 

u{x) = Goi^ix) := / GD{y,x)v{dy) 
Jd 

(2) If f is an excessive function for X^ and f is not identically zero, then there exists a unique 
Radon measure u on D and a nonnegative harmonic function h for X^ such that f = Gou+h. 



Theorem 3.3 For each y, x — > G^iy^x) is a pure potential for X^ . In fact, for every sequence 
{Un}n>i of open sets with Un C Un+i o,nd UnUn = D, 



lim Et 



GD{y,Xgj-9ur.<Q =0, x^y. 



Moreover, for every x,y G D, we have 



lim Ex 



GD{y,X^)-t<Q 



0. 



Proof. The first assertion can be proved using an argument same as that of the proof of Theorem 
12.51 so we only need to prove the last assertion. 
By 1)2. 1() and 1)2. 2() . we have for every x,y £ D, 



Ex 



GD{y,xP)-t<C 



D 



it,z,x) 
hoix) 



GD{y,z)hD{z)dz < 



t2hD{x) JD\z-y 



dz 



\d-2 ■ 
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which converges to zero as t goes to oo. □ 

Note that every nonnegative harmonic function for is excessive and continuous by Corol- 
lary 1 in Let {G^ , a > 0} be the resolvent of with respect S,d so that GQ{y,dx) = 
GD{x,y)iD{dx). 

Proposition 3.4 X^ has the strong Feller property in the resolvent sense; that is, for every 
bounded Borel function f on D and a > 0, G^f{x) is bounded continuous function on D. 

Proof. By the resolvent equation Gq = G^ + aG^G^, it is enough to show the strong Feller 
property for G^. Fix a bounded Borel function f on D and a sequence {yn}n>i converges to y 
in D. Let M := WfhoWLaaiD) < oo. We assume {yn}n>i C -ftT for a compact subset K of D. Let 
A := infyfzK ho{y). By Proposition 12.21 we know that A is strictly positive. Note that there exists 
a constant ci such that for every (5 > 

( f dx f dx \ ^r, 



\JBiy,5) \x-y\'^ 2 JB{y„,2S) \x - ynl"^ 

Thus by ()2.2I) . there exists a constant C2 such that for every 5 > and y„ with y„ G B{y,^) C 
B{y,26)GK, 



GD{x,y)f{x)iD{dx) + I GD{x,yn)f{x)iD{dx) 

B{y,S) JB{y,S) 

GD{x,y)dx+ / GD{x,yn)dx] 

B{y,5) JB{y„,25) J 

dx f dx \ 1 ^ ^^r, 




^ \-lB{y,S)\x-y\'^ JB{y„,2S)\x-yn\'^ ^ I A 



Given e, choose 6 small enough such that \ciC2M5^ < f . Then 

|G?/(y)-G?/(2/n)| < M [ \GDix,y)-GD{x,yn)\dx + 



e 



Note that Gnix, Vn) converges to Gd{x, y) for every x ^ y and {Gd{x, are uniformly bounded 
on X £ D \ B{y,5) and y„ S B{y, |). So the first term on the right hand side of the inequality 
above goes to zero as n ^ oo by the bounded convergence theorem. □ 



4 Comparison of harmonic measures and scale invariant Harnack 
inequality for the dual process 

In this section we still assume that D is an arbitrary bounded domain. For any open subset U of D, 
we use X^'^ to denote the process obtained by killing X^ upon exiting U, i.e., X^'^^uj) = Xf{uj) if 
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t < rffioj) and '^(w) =dift> f^(w), where := mf{t > : Xf ^ U} and d is the cemetery 
state. Then by Theorem 2 and Remark 2 after it in PHl, and X^'^ are dual processes with 
respect to ^d. Now we let 

By the joint continuity of q^{t,x,y) (Theorem 2.4 in ^1]) and the continuity and positivity of 
hn fProDosition 12. 2() . we know that q^'^ [t, •, •) is jointly continuous on {/ x [/. Thus we have the 
following. 

Theorem 4.1 For every open subset U, '(f'^{t,x,y) is jointly continuous on U x U and is the 
transition density of X^'^ with respect to the Lebesgue measure. Moreover, 

ri I \ Gu{y,x)hD{y) 

GD,u{x,y) := 7—1—. (4.1) 

is the Green function of X^'^ with respect to the Lebesgue measure so that for every nonnegative 
Borel function f , 



Ex 



" f{x^)dt 







u 



GD,u{x,y)f{y)dy. 



Using ()4.1() . one can check that X^'^ satisfies the conditions in 11 and Thus by repeating 
the argument in the proof of Proposition 12.61 we get the following. 

Proposition 4.2 If h is a nonnegative harmonic for X^ in U and V is an open subset of U with 
V C D, then there exists a Radon measure v supported on dV such that 

Hx)=[ ^^^(f4M^.(<i,), xev. 

JdV riD[x) 

In particular, every nonnegative harmonic function for X^ in U is continuous. 

Using (|l.lj) and Proposition 12.21 we see that for every compact subset K oi D, there exist ci, 
C2 and C3 such that for every positive to and 5, 

q^{t,y,x)hD{y) ^ c2to .-^ -cgJ^^ 

sup < cie^ ° sup t 2e "3 t 

t<to,x&K,\x-y\>S hD{X) t<to,xeK,\x-y\>S 

< cie''^^° supt-U-"^^ < oo. (4.2) 

t<to 

1)4. 2|1 implies that for any compact subset K oi D, 

sup Pxd^f -xl >5;t <C) <cie^2to gyp f t-fe-'^^^^dy 

:to,xeK t<to,xeK J\x-v\>S 



t<to,xeK t<to,xeK J\x-y\>S 

t<to J 5 J-^ 



/to 
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for some C5 = C5(d) and cq = CQ{d) . Thus 



Um sup Pxd^t -x\>6;t<C) = lim sup P^iXt e D\ B{x, 6)) = 0. (4.3) 
Using ()4.3|1 we can easily prove the next lemma. 



Lemma 4.3 For any 6 > and x £ D with B{x, 26) G D, we have 



lim sup Px(r5(^,5) < s AC) 



0. 



Proof. For any t > Q and any Borel set A in D, we put Nt{x,A) = 'Px{XP G A). Then by an 
extended version of the strong Markov property (see page 43-44 of |3]), we have for every x £ D 
with B{x,26) e D, 



Px(r£,,5) < s A C) < Px ( TB^,,s) <s,Xse B{x, ^) ) + P, ( X^ G B{x, ^)^ s < C 



Since X:^^^ S dB{x,6) almost surely on {^^(^,5) < C}) the conclusion of the lemma follows from 



A bounded domain U in R*^ is said to be a C^'^ domain if there is a localization radius tq > and 
a constant A > such that for every Q G dU, there is a C^'^-function (p = (f)Q : R*^"^ — > R satisfying 
0(0) = V0(O) = 0, ||V(/>||oo < A, |V(/)(x) — V(/)(2;)| < A|x — z|, and an orthonormal coordinate system 
y = (yi,- • • ,yd-i,yd) ■= {y,yd) such that B{Q,ro) nD = B{Q,ro) n{y:yd> Hy)}- 

Using ()1.3|) . it is easy to show the following. 

Proposition 4.4 For any bounded C^'^ domain U C D with U C D, X^'^ satisfies the strong 
Feller property in the semigroup sense; that is, for every hounded Borel function f on U , 

/(Xf);t<f^^ 



E, 



is a bounded continuous function on U. 

Proof. Fix xq £ U and t > 0. Suppose Xn £ U converges to xq G U. Let := inf„>i hoixn) > 
Then 



E 

< ci 

< C2 
C2 



f{X[');t<?ff 
q^{t,y,Xn) 



- ^xo 

^{t,y,xo 



hoixn) hoixo) 
q^{t,y,Xn) q^{t,y,xo 



f{X?);t<9S 
hD{y)dy 
+ q^{t,y,xo) 



< 



N 



hoiXn) hoiXn) 

^{t, y, Xn) - q^{t, y, xo) \dy + C2 



1 



1 



hoixn) hnixo) 



dy 



1 



hoixn) hoixo) 
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£ 

< -, n> no. 



Given e > 0, choose no > such that 

1 1 
hnixn) hoixo) 
Let pu{y) be the distance between y and dD. By 

q^{t,y,Xn) - q^{t,y,Xo)\ dy 

U 

= / +/ ] \q^{t,y,Xn) - q^{t,y,xo)\dy 

\J{yeU:pu{y)<S} J{yeU:pu{y)>S} J 

< C3\U\6t-^ + / \q^{t,y,Xn) -q^{t,y,xo)\dy, 

J{y&U:pu{y)>S} 

for some C3. Now we choose 5 smah so that C2C2,\U\N^^5t~~^ < |. The convergence of the 
second term on the right hand side of the inequahty above follows from the uniform continuity of 
• , • ) on B{xq, ^pjj{xq)) x {y ^ U : puiv) > ^} (Theorem 3.1 in 14 ). Thus we have proved 
the proposition. □ 

Recall that, a point z on the boundary dU of an open subset ?7 of D is said to be a regular 
boundary point for in U if Vxir^j = 0) = 1. An open subset U oi D \s said to be regular if 
every point in dU is a regular boundary point. 

Proposition 4.5 Suppose U is an open subset of D with U C D, and z G dU. If there is a cone 
A with vertex z such that A D B(z, r) C D\U for some r > 0, then z is a regular boundary point 
ofU. 

Proof. Choose a bounded smooth domain Di with U C Di C Di C D. Without loss of generality, 
we may assume that z = and A D B{z, r) C Di \ U. For n > 1, put r„ = r/n. Under Pq, we have 



00 00 



n \J{xZ^AnB{^,r)}c{9E = ^]- 

m=l n=m 

Moreover, since Di is bounded smooth and Di C D, by (jl.^j) there exists a constant ci > such 
that for X £ An B(0, r) and large n 

q^'{t,x,0)hD{x) 



Hence 



> CiTn e ""I 



00 00 



Po(t^ = 0) > Pq n M {X^^ eAnB{0,r)} > limsupPo(X,^ eAnB{0,r)) 

\ -1 / n^oo 

\7Tt=l n=m / 

> limsupPo(X,^i eAnB{0,r)) = limsup [ q^'{t,x,0)hD{x) 

n->oo " n^oo JAnB{0,r) hj;){0) 

> limsupci / rn^e > limsupci / e dy > 0. 

n^oo JAr\B(0,r) n-*oo J Ar\B(0,n) 
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The assertion of the proposition now follows from Blumenthal's zero-one law (Proposition 1.5.17 in 



This result implies that all bounded Lipschitz domains (see below for the definition) are regular 
if their closures are in D. Modifying the argument in the second part of the proof of Theorem 1.23 
in ^21) we get the following result. 



Proposition 4.6 Suppose U is an open set subset of D with U C D and f is a bounded Borel 
function on dU. If z is a regular boundary point of U for and f is continuous at z 



_hm 



f[X^n};Tlf<C =f{z 



Proof. With Lemma 14.31 and Proposition 14.41 in hand, the proof is routine. We omit the details. 

□ 



Let be the Green function of a Brownian motion W in D. By Theorem 3.7 in jl5j . there 
exist constants ri = ri(d, /i) > and Mi = Mi(d, fi) > 1 depending on only via the rate at which 
maxi<i<d M^i(r) goes to zero such that for r < ri, z G R*^, a;,y G B{z,r), 

^ii'G\,,r)i^,y) < GBMiy,x) < MiG\^^^^(x,y). (4.4) 

We will fix the constants ri > and Mi > above in the remainder of this section. 



Theorem 4.7 For any bounded domain D , r < ri, z ^ D and x £ := B{z,r) £ B{z,r) C D, 
we have 

M^HD{y)P. (Wr^. G dy) < hn{x)P^ (^XP^ E dy,?B^ < C) < M^ hn{y)Pa. (Wr^. G dy) . 

(4.5) 

Proof. We &x zq £ D and r < ri with B{zo,r) G B{zQ,r) C D, and let B := B{zo,r). The idea 
of the proof is similar to that of Theorem 2.2 in 9 . We include the detail here for the reader's 
convenience. Let (/5 > is a continuous function on dB and let 

u{x) :=E^[ip{XPo);9E <(]. 

' B 

By Proposition 14.61 we know that u is harmonic for X^ in B and continuous on B. Let B{n) := 
B{zo, (1 - i)r), Tn := inf{t > : Xf £ B{n)} and u„(x) := B^[u{X^f )]. Then by Proposition 
14.21 there exist Radon measures Vn supported on dB{n) such that 

^"(^) = ~r~r^ I GB{y,x)un{dy). 

hD[X) JdB(n) 
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Let 

Vnix) := / G%{x,y)vn{dy). 

JdB{n) 

Then by (lOl) . 

M^^Vn{x) < h£){x)Un{x) < MiVn{x), X G B{n). 

Since Vn is a harmonic function in B{m) for m > n, by the Holder continuity of Vn and a diagonal- 
ization procedure, there is a subsequence such that ti^^. converges uniformly on each B{m) to a 
harmonic function f in S. Thus 

Mf ^^(x) < /iz)(x)u(x) < Miv{x), xG B. (4.6) 

Since -B is regular for fProposition 14. 5|) . by taking the limit above and using Proposition 14.61 
we get for every w £ dB 

M^^h£){w)(f{w) < liminfw(x) < limsupf(x) < Mihi:){w)(p{w). (4-7) 

B3x^w B3x->w 

Let 

It; is a harmonic function in B and continuous in B with the boundary value hD{w)ip{w). Thus by 
the maximum principle and ()4.7|) . we get w{x ) < v{x) < Miw{x). So by ^Mll M{^w{x) < 
hD{x)u{x) < Mf'w{x), which is 

Mf 2 [ ^{w)hDiw)P^ {Wrs edw) < [ ip{w)hD{x)P^ (xPn G dw,?l^ < ( 
JdB JdB ^ ^ 

< Ml [ ^{w)hD{w)P^ {Wrg e dw) . 
JdB 

□ 

Let pd{x) be the distance between x and dD. 

Lemma 4.8 Suppose D is a hounded C^'^ domain. Then there exists a constant c = c{D) such 
that 

-Pd{x) < hoix) < cpoix). (4.8) 
c 

Proof. Since D is bounded, the Green function estimates for ((6.2)-(6.3) in J^) imply that 

CipDix){lA- ^2)1 id=^ - GDiy,x) < C2-. TJZT 

\x — y\ \x — y\ \x — y\ 

for some positive constants ci and C2. Integrating over y we get 

cipD{x)qi{x) < hoix) < C2PD{x)q2{x) 
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where 

qi{x) := / (lA— — r^)- TJZo^^y and q2ix) := / TTZTdy- 

Jd \x-y\^ Ix-yl" JDlx-yr 

By elementary calculus, we easily see that inix^D Qi{x) > and sup^-g^, q2ix) < oo. □ 

Let ijjQ be the ground state for the killed Brownian motion in D, that is, ipQ is the positive 
eigenfunction corresponding to the smallest eigenvalue of the Dirichlet Laplacian — ^A|£) with 
jj^^Q{dx)dx = 1. If is bounded C^'^, it is well-known that there exists ci such that c{^pd{x) < 
'^o{x) < ciPd{x). So we get the next result as a corollary of Theorem 14. 71 and Lemma H^Hl 

Corollary 4.9 For any hounded C^'^ domain D, there exists a positive constant c such that for 
every r < ri, z £ D and x G := B{z, r) £ B{z, r) C D, we have 

G dy) < {^XP^ G dy,?B^ < c) < cP, {wf^^^ G dy) (4.9) 

where is the h-conditioned Brownian motion with h = ijjQ. 

In the remainder of this section, we will prove a scale invariant Harnack inequality for for 
any bounded domain D. First we prove the following lemma. Recall that ri > and Mi > are 
the constants from 1)4. 4|) . 

Lemma 4.10 There exists a constant c = c{D,p) > 1 such that for every r < ri and B{z,r) with 
B{z,r) C D, 

^<c, x,y£B{z,-). 

Proof. Since r < ri, by (|2.2() and 1)4.4(1 . there exists ci = ci{D,p,) > 1 such that for every 
x,we B{z,^) 



1 ^ ^ l\J-lnO 



-1 |^_^|d-2 ^ ^^1 '^B(.,r)(«^>^) < GB(.,r)(w^,2;) < Gd{w,x) < Ci |^_^|rf_2 - 

Thus for w G dB{z, ^) and x, y G -6(2, §), we have 

Gi,(u;,x) < ci f^^^V '1 ^ < A''-''clGD{w,y). (4.10) 

On the other hand, from ((2.4|) . we have 

/id(x) = / GD(a,x)da = / [^^^(Xt 3,.x)l(ia, x e B{z,^). (4.11) 
Since Xt 3, e dB{z,'^), combining (jI?Tn|) - (|CT1) . we get 

hoix) < A^~^cj [ Ba \Gd{Xt 3, .y)l da = A""-^ ajhoiy), x,y e B{z/-) 
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□ 



Now we are ready to prove the scale invariant Harnack inequality. 



Theorem 4.11 (Scale invariant Harnack inequality) There exists N = N{d,fj,) > such that for 
every harmonic function f of in B{zQ,r) with r G (0,ri] and B{zo,r) C D, we have 

sup f{y) < N inf f{y) 

y&B{zo,r/4:) yeB{zo,r/4) 

Proof. We fix € and r < ri with B{zo,r) G B{zQ,r) C D, and a harmonic function / of 
in B{zQ,r). By the harmonicity of / and Theorem 14.71 for every x € B{zq, |) 



E, 



fix) 



Thus by Lemma ^T 



f 



D 



< 



hoix) 



-E, 



f[Wr 



f{x) < cMfB, 



f[Wr 



cMfg{x) 



for some constant c. Since g is harmonic for W in -B(zo) §)> by the Harnack inequality for Brownian 
motion (for example, see pQ), 

1 r 

—aiy) < 9{x) < cig{y), x,yGB{zo,-) 
Cl 4 

for some constant ci > 0. Thus by applying Theorem 14. 71 and Lemma I4.1UI again, we have that for 
every x,y € B{zq, |), 



f{x) < cciMfBy f{W, 



< c^ciMfB^ 



fix. 



D 



3(^0.5) 



;^B(^o,5) < C = c^ciMffiy). 



□ 



It is well-known that the scale invariant Harnack inequality implies the Holder continuity of 
harmonic function (for example, see section 2.3.2 of |27j). 

Corollary 4.12 Every harmonic function for X^ is Holder continuous. 

5 Martin representation in arbitrary bounded domains 

In this section we assume that D is an arbitrary bounded domain. From Proposition 2.1, Theorem 
13. H and ProDosition l3.41 we see that both X^ and X^ satisfy the conditions (a)-(e) on page 560-561 
in [7]. Thus by Theorem 3 in we can define the Martin boundary for X^ . In fact, we have a 
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stronger result. We will state here for and simultaneously. From now on, we fix a point 
xq & D throughout this paper. 
Define _ 

Go{x^ - if X G D and 2/ G Z) \ {xq} 



and 




GnML - ho{x)Go(x,y) [i ^ e D and y e D \ {xq} 



GD(y,xo) hn(xo)GD[xo,y) 
l{xo}(a;) ^iy = xo 

By (A4) and (A6), we know that for each y £ D \ {xq} and e > 0, Md{- ,y) (Md{- ,y) 
respectively) is a harmonic function with respect to X^ [X^ respectively) m. D\ B{y,e) and for 
every x £ D \ B{y, e) 

Moix, y) = E,. \Md{X^^.^ , y)] and Md{x, y) = E,. \Md{xP , y); ?D\B{y,e) < C 



(5.1) 

Using the Riesz decomposition theorem (Theorem 12.41 and Theorem 13. 2|) . Proposition 12.61 (with 
U = D), the Harnack inequality (Corollary 5.8 in jl4j and Theorem 14. 11(1 and the Holder continuity 
of harmonic functions (Theorem 5.5 in |14j and Corollary I4.12j) . one can follow the arguments in 
[2ni (see also Section 2.7 of P or [20]) to show that the process X^ {X^ respectively) has a Martin 
boundary OmD (OmD respectively) satisfying the following properties. 

(Ml) D U OmD and D U d^jD are compact metric spaces; 

(M2) D is open and dense in D U d^jD and in D U OmD and its relative topology coincides with 
its original topology; 

(M3) M£){x, •) can be extended to Om uniquely in such a way that, M£i{x,y) converges to 
M£){x,w) as y ^ w £ OmD, the function M£i{x,w) is jointly continuous on D x OmD, 
and Md{-,wi) / Md{-,W2) if wi / W2] 

(M4) M£){x, •) can be extended to Om uniquely in such a way that, M£i{x,y) converges to 
Mj:,{x,w) as y ^ w £ OmD, the function Md{x,w) is jointly continuous on D x OmD, 
and Md{-,'Wi) / M£)(-,tt'2) if wi / W2; 

By repeating the argument in the proof of Proposition 5.1 in T5^, we have the following. 

Proposition 5.1 For every w £ OmD (w £ OmD respectively), x 1-^ M£i(x,w) (x Md{x,w) 
respectively) is harmonic with respect to X^ (X^ respectively) . 

Proof. We include the proof here for X^ for the reader's convenience. Fix uj £ OmD and a 
relatively compact open sets U C U C Ui C Ui in D. Let 6 := ldist{U,dUi). Choose a sequence 
{yn}n>i in D \ Ui converging to tt; in D U d^jD so that 

Md{x,w) = lim MD{x,yn)- 
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Since M/)( • , y„) is harmonic in a neighborhood of U for every n > 1, we have 



Md {X^„ ,yn) = Md (x, yn) , X£U. 



Using the Harnack inequahty f Theorem I4.11|) . we have for every z £ dU, 

. ^ GD{yn,z) GD{yn,Xo) , ^ 

MD{z,yn) = =— r < ci=— = ci, n> 1, 

GD{yn,Xo) GD{yn,Xo) 

for some ci = ci{5, D) > 0. Thus by the bounded convergence theorem, 



hm 



E, 



MD{Xg,w);9u<C = Md{x,w), x£U. 



□ 



Recah that a positive harmonic function u with respect to {X^ respectively) is said to be 
minimal if v is positive harmonic with respect to X^ {X^ respectively) and v < u imply that v is 
a constant multiple of u. The minimal Martin boundaries of X^ and X^ are defined as 



dmD = {z £ OmD : Mj:){-, z) is minimal harmonic with respect to X^ } 



and 



dmD = {z £ BmD : Mu{-, z) is minimal harmonic with respect to X } 



respectively. Since M/)(xo,y) = 1 for every y £ {D U OmD) \ {xq}, using the Harnack inequality 
and the Holder continuity of harmonic functions, we can show that, for any compact subset K 
of D, the family {M£){-,w) : w G OmD} and {M£){-,w) : w G OmD} are uniformly bounded 
and equicontinuous on K. One can then apply the Ascoli-Arzela theorem to prove that, for every 
excessive function / of X^ , there exist a unique Radon measure ui on D and a unique finite measure 
1^2 on dmD such that 



fix) 



D 



GD{x,y)ui{dy) + Md{x, z)u2{d2 

J dm D 



(5.2) 



and / is harmonic in D with respect to X if and only if ui = 0. Similarly, for every excessive 
function / of X^ , there exist a unique Radon measure fii on D and a unique finite measure 112 on 
dmD such that 

f{x)= [ GD{y,x)i^iidy)+ f MDix,z)ii2{dz), (5.3) 

Jd JdmD 



and / is harmonic with respect to X if and only if /ii = 0. (See Section 2.7 of ^) 
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6 Martin boundary and Boundary Harnack principle for 

In this section, we will, under some assumption on the domain, identify the Martin boundary of 
the dual process with the Euclidean boundary and prove a boundary Harnack principle for the dual 
process. 

Recall that a bounded domain D is said to be Lipschitz if there is a localization radius ro > 
and a constant A > such that for every Q E dD, there is a Lipschitz function (pq : R*^"^ R 
satisfying \<j)Q{x) — (j)Q{z)\ < A\x — z\, and an orthonormal coordinate system CSq with origin at 
Q such that 

B{Q,ro) nD = B{Q,ro) n {y = {yi, ■ ■ ■ ,yd-^i,yd) =■ {y,yd) in CSq : yd > 4>Q{y)}- 

The pair (rg, A) is called the characteristics of the Lipschitz domain D. 

We first recall the scale invariant boundary Harnack principle for in bounded Lipschitz 
domains from 

Theorem 6.1 (Theorem 4-6 in 'J^J) Suppose D is a bounded Lipschitz domain. Then there exist 
constants M2,c > 1 and r2 > 0, depending on fj, only via the rate at which maxi<j<d goes to zero 
such that for every Q £ dD, r < r2 and any nonnegative functions u and v which are harmonic 
with respect to in D n B{Q, M2r) and vanish continuously on dD n B{Q, M2r), we have 

^ < c ^ for any x,y e Dn B{Q, r). (6.1) 
v{x) v{y) 

It is well-known that for diffusions, the scale-invariant boundary Harnack principle can be used 
to prove the Holder continuity of the ratio of two harmonic functions vanishing continuously near 
the boundary. We omit the proof of the next lemma. The proof can be found in (see Hj for the 
extension to jump processes). 

Lemma 6.2 Suppose D is a bounded Lipschitz domain. Then there exist positive constants r2, M2, 
C and a depending on D such that for any Q G dD, r < r2 and nonnegative functions u, v which 
are harmonic with respect to X^ in D H B{Q, M2r) and vanish continuously on dD H B{Q, M2r), 
the limit \\m£)^x~tw u{x) / v{x) exists for every w G dD f] B{Q,r). 

In this section we consider two bounded domains U and D with U C D. We will not exclude 
the case U = D. Let xjj & U (if U = D, xu = xq) and define 

\ iw}(^) if y = a^c/ 

Note that MD,u{x,y) = M^ix^y) D = U. Similar to the proof of Proposition 14. 4| one can show 
that X^'^ (with X^ as a dual process) satisfies the conditions (a)-(e) on page 560-561 in [7j. Thus 
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by Theorem 3 in jl9j . we can define the Martin boundary OmU for the process X^'^ . Moreover, 
one can prove that for every w G OmD, x Md,u{x,w) is harmonic with respect to in U 
using an argument similar to that of the proof of Proposition 15. 11 Let dmU be the minimal Martin 
boundary of X^'^ . We also have the Martin representation: for every harmonic function / of X^ 
in U, there is a unique finite measure fii on d^U such that 

fix) = [ MD,uix,z)fii{dz). (6.2) 

Suppose [/ is a bounded Lipschitz domain. We observe that for y ^ xu, 

n7 f \ hD{xu)Gu{y,x) 

MD,u{x,y) = , . . r. (6.3) 

hD{x)Gu{y,xu) 

Gu{ ■ , x) and Gu{ • , xu) are harmonic with respect to X^ near the boundary. Moreover they vanish 
continuously on the boundary by Theorem 2.6 in [TBI. Thus from Lemma l6.2| we immediately get 
the following 

Proposition 6.3 Suppose U is a bounded Lipschitz domain. Then MD^u{x,y) converges as y ^ 
w G dU. 



The proposition above says that the Martin boundary is a subset of dU. We write the limit 
above as Md^u{x,w) for {x,w) G C/ x dU. Let Nu{x,w) := limu^y^y^ Gu(y,xl) ^° ^^^^ 

-Cf hD{xu)Nu{x,w) 
Md,u(x,w) = — — . 

hD{X) 

We will show that the (minimal) Martin boundary dmU with respect to X^'^ coincides with 
the Euclidean boundary if D and U are bounded C^'^. Let pu{x) be the distance between x and 
dU. 



Theorem 6.4 Suppose D and U are bounded C ' domains with U d D. Then there exists a 
constant c = c{D, U) such that 

< Mn,u{x,w) < c-^—^ (6.4) 
c \x — w\'^ \x — w\"- 

and 

< Md{x,w) < c- ^ (6.5) 

c \x — w\"- \x — w\"- 

Proof. By the Green function estimates for (Theorem 6.2 in 14 ), we have 

C1-. -J < Nu{x,w) < ci- -T 

\x — w\'^ \x — 
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for some positive constants ci and C2- Thus by (|4.8|) and the fact that pu{x) < p{x) < diam(Z?) 

1 hD{xu)pu{x) . ^ , . , hpjxu) 

^ — < Md,u[x,w) < c- -T. 

c |a; — |x — w\°- 

□ 

The above imphes 

Proposition 6.5 If D and U are bounded C^'^ domains with U C D, Md^i;{ ■ , wi) ^ M^^ui ■ W2) 

ifwi / W2. 

Moreover, one can follow the argument in the proof of Theorem 4.4 JHl and show that Md^ij{x, w) 
is minimal harmonic. Thus the minimal Martin boundary of X^'^ is the same as the Euclidean 
boundary in the case when D and U are bounded C^'^ domains with U C D. 

Theorem 6.6 Assume that either D and U are bounded C^'^ domains with UcDorUis bounded 
Lipschitz domain with U C D. Then for every harmonic function f of in U , there is a unique 
finite measure pi on dU such that 

fix) = [ MD,uix,z)piidz), (6.6) 
JdU 

dD. 

Proof. The case when D and U are bounded C^'^ domains with U C D has already been dealt 
with in the paragraph before the theorem. In the case when U is bounded Lipschitz domain with 
U C D, M£)^u{x, z) is comparable to Nu{x, z). One can easily modify the argument in page 193-194 
of P to prove the theorem. We omit the details. □ 

Now we are ready to prove the boundary Harnack principle for X^ . If is a bounded C^'^ 
domain, then it is easy to check that there exists ZZ > such that for any x G dD and r G (0, R), 
B{x, r) Ci D is connected. 

Theorem 6.7 (Boundary Harnack principle) Suppose D be a bounded C^'^ domain in R*^ and R 
is the constant above. Then for any r G (0, R) and zq £ dD, there exists a constant c > 1 such that 
for any nonnegative harmonic functions u,v in DD B{zo, r) with respect to X^ with uHd and vHd 
vanishing continuously on dD n B{zQ,r), we have 

^ < foranyx,y£Dn B{zo, r/2). 

v{x) v{y) 
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Proof. One can find a bounded C^'^ domain U such that DnB{zo, 2r/3) CU CU C DnB{zo,r). 
Fix xu & U and let 

M2{x, z) := Md,u{x, z) = hm r. 

U^y-^z hD{x)Gu{y,xu) 

Since u,v are harmonic in U with respect to X^, by Theorem I6.6[ there exist finite measures fii 
and vi on dU such that 



u{x) = / M2{x, z)fj,i{dz) and u(a;) = / M2(x, x £ U. 

JdU JdU 

Let iV2(a;, := limu^y^z Gu{y,xl) 

hD{x) 

Let be the Green function of the Brownian motion W in U. Define the Martin kernel Mi{x, z) 
for the Brownian motion W vaU: 



Mi(x, z) := lim 



Gl{x,y) 



UBy^z Glj{xu,y)' 

Since U is bounded G^'^, by Theorem 7.7 in jTl], there exists a constant ci = ci(x[/, C/) such that 

— Mi{x,z) < N2{x,z) < ciMi{x,z). (6.7) 

Cl 

Let 



ui{x) := / Mi(x, and fi(x) := / Mi{x, z)i'i{dz), x £ U. 

JdU JdU 

By (|6.7|) . we have for every x £ U 

u{x) ^ jQ^M2{x,z)ni{dz) ^ /g^iV2(a:^,^)^i(rf^:) 
■"(^) Jqjj M2{x,z)i^i{dz) Jgjj N2{x,z)iyi{dz) 

Since ui,vi are harmonic for the Brownian motion W inU and vanish continuously on dU DdD, 
by the boundary Harnack principle for Brownian motion (for example, see |l]), 

ui(x) ui{y) ^ ^, r, 

-i^Ua;) ^^i(y) 2 

for some constant C2 > 0. Thus for every x,y £ D n B{zq, |) 

u{x) 2MX) . 2^i(y) ^ 4"(y) 

□ 
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7 Schrodinger operator in arbitrary bounded domains 



In this section we discuss the Schrodinger operator in arbitrary bounded domains. Using results 
in the previous sections, one can check that and satisfy the condition (a)-(f) and (6.1) in 
[7] with the reference measure ^d- Thus the main results in [7] are true for X^ and X^ with the 
reference measure ^d. In this section we will use the main results in [Jj and state carefully for X^ 
with respect to the Lebesgue measure. 

Recall that a measure on is said to be a smooth measure of X^ with respect to the reference 
measure if there is a positive continuous additive functional (PCAF in abbreviation) A of X^ 
such that for all bounded nonnegative function f on D, 



L 



f{x)u{dx) = limE^^ 



(7.1) 



The additive functional A is called the positive continuous additive functional of X^ with Revuz 
measure v with the reference measure ^d- It is known (see [201) that for any a; G D, a > and 
bounded nonnegative function / on D, 

/ e-^'f{XP)dAt = / e-"* / q"" {t,x,y)f{y)u[dy)dt, 
Jo Jo Jd 

and thus we have any x £ D, t > and bounded nonnegative function / on D, 

E, f f{X^)dAs= f [ q''{s,x,y)f{yy{dy)ds. 
Jo Jo Jd 

Therefore by the monotone convergence theorem we have any x £ D, t > and nonnegative 
function f on D, 

E, / f{X^)dA,= [ [ q^{s,x,y)f{y)u{dy)ds. (7.2) 
Jo Jo Jd 

For a signed measure we use and u~ to denote its positive and negative parts respectively. 
If and u~ are smooth measures of X^ with respect to the reference measure and A^ and 
A- are PCAFs of X^ with Revuz measures and v respectively with respect to the reference 
measure then we call A := A'^ — A~ of X^ the continuous additive functional of X^ with 
(signed) Revuz measure v with respect to the reference measure 

A measure on Z) is said to be a smooth measure of X^ with respect to the Lebesgue measure if 
/iijTy is a smooth measure of X^ with respect to the reference measure ^/j. From now on, whenever 
we speak of a smooth measure of X^ , we mean a smooth measure of X^ with respect to the 
Lebesgue measure unless explicitly mentioned otherwise. If r/ is a smooth measure of X^ and A 
is the PCAF of X^ with Revuz measure h^irj with respect to the reference measure then by 
(|7.2|) . we have any x € D, t > and bounded nonnegative function / on 

E, f f{X^)dAs= f f q''{s,x,y)f{yMdy)ds. (7.3) 
Jo Jo Jd 
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The additive functional A in the equation above is cahed the PCAF of with Revuz measure r/ 
with respect to the Lebesgue measure. From now on, whenever we speak of an additive functional 
with a given Revuz measure, we mean an additive functional with a given Revuz measure with 
respect to the Lebesgue measure unless explicitly mentioned otherwise. 
Recall J^d,2 from the Definition ll.il 

Proposition 7.1 Any measure v in Ys^d,2 is a smooth measure of with respect to the Lebesgue 
measure, or equivalently, h^v is a smooth measure of X^ with respect to ^d- 

Proof. By the definition of ^d,2 we can easily check that the function 

GD{hDv){x) = Gdv{x) 

is bounded continuous in D. Thus, by Definition IV. 3. 2 of Goiho^') is a regular potential. 
Moreover X^ and X^ are Hunt processes with the strong Feller property and they are in the 
strong duality with respect to ^Propositions 13. ll and 13. 4() . Consequently hov charges no semi- 
polar set by Theorem VI.3.5 of 0. Now we can apply Theorem VI. 1 of [IHI to conclude that ho^ 
is a smooth measure of X^ with respect to or equivalently, is a smooth measure of X^ with 
respect to the Lebesgue measure. □ 

If 1/ is a signed measure on D such that and v~ are smooth measures of X^ and if A'^ and 
A~ are the PCAF of X^ with Revuz measures and v respectively, we call A := A'^ — A of 
X^ the continuous additive functional of X^ with (signed) Revuz measure v. 

We recall the definitions of the class of measures from and |H| and specify it for X^ with 
the reference measure in an bounded domain D. We also give a definition for a class of smooth 
measures with respect to the Lebesgue measure. In the following, d denotes the diagonal of D x D. 

Definition 7.2 Let u be a signed smooth measure of X^ with respect to S^d md define := 
+ i>~ . u is said to be in the class S^{X^) if for any e > there is a Borel subset K = K{e) 
of finite \v\-measure and a constant 5 = 6{e) > such that for all (x, z) €^ (D x D)\ d, 

GD{x,y)GD{y,z) ^^^^^^^ ^ I GD{x,y)GD{y, z) \iy\{dy) 



'd\k Gd{x,z) Jd\k Gd{x,z) hoiy) 

and for all measurable set B C K with {I'KB) < 6 all (x, z) £ (D x D)\ d, 
GD{x,y)GD{y,z) ^^^^^^^^^ _ r GD{x,y)GD{y, z) \iy\{dy) 



B 



Gd{x,z) Jb Gd{x,z) hoiy) 



A function q is said to be in the class S^{X^) if v{dx) := q{x)^D{dx) is in the corresponding 
space. 

A signed smooth v of X^ is said to be in the class Soo{X^) if hD{x)u{dx) is in the class 
S|?(X«). 
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For a continuous additive functional A of X with Revuz measure u, we define e^(t) = ex.p{At), 
for t > 0. For y £ D, let X^'^ denote the /i-conditioned process obtained from with h{-) = 
Gd{', y) and let denote the expectation for X^^y starting from x £ D. We will use r|, to denote 
the lifetime of the process X^'^ . 

In the remainder of this section, we assume that u E Soo(X^) and A is the CAF of X^ with 
Revuz measure u (with respect to the Lebesgue measure). Note that A is also the CAF of X^ with 
Revuz measure /i£)(x)i^(dx) with respect to the reference measure ^d. 

The CAF A gives rise to a Schrodinger semigroup 



Q?f{x) := E,. [e^(t)/(X, 

The function x i— > E^[eyi(r/5)] is called the gauge function of u. We say u is gaugeable if 
Ea;[eyi(T£))] is finite for some x £ D. From now on we will assume that v is gaugeable. It follows 
from [3] and [S] that the gauge function x i-^ E^; [eA(Ti:))] is bounded on D. Note that since 
hD{x)u{dx) G St?(X^), it follows again from .5 and [S] that 



sup 

{x,y)e{DxD)\d 



< oo 



(see [3]) and therefore by Jensen's inequality 



inf By[eA{rl)] > 0. 



(7.6) 



By Lemma 3.5 of the Green function for the Schrodinger semigroup {Qf , t > 0} with 
respect to is 

VD{x,y) = n [eAirD] GD{x,y), (7.7) 

that is, 



VDix,y)fiy)^D{dy) 



D 



f 

Jo 



Qf /(x) dt = E, 



for any Borel function f > on D. Let 

yD(.x,y) 



VD{x,y)hD{y) 



eA{t)f{X^)dt 



(7.8) 



so that 



VD{x,y)f{y)dy 



Qf /(x) dt = E, 



eA(t)/(Xf)dt 



(7.9) 



ID JO 

Thus VD{x,y) is the Green function for the Schrodinger semigroup {QP , t > 0} with respect to 
the Lebesgue measure. Since Goix^y) = GDix,y)h£){y), by Theorem 3.6 in j3j and (|7.6() . VD{x,y) 
is comparable to Go{x,y) on D x D \ d, where d denotes the diagonal of D x D. From Theorem 
3.4 [7] and the continuity of ho, we see that VD{x,y) is continuous on {D x D)\ d. 

Let u{x,y) := E^ [eyi(r|,)] for y £ D, and define u{x,w) := E^ [eA('7"]^)] for w G dD, where 
E^ is the expectation for the conditional process of X^ obtained through /i-transform with h{-) = 
M{-,w). Recall that d^D is the minimal Martin boundary of X^ . 
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Theorem 7.3 The following properties hold. 

(1) For w £ dmD and X £ D, lim/jgy^^ n(x, y) = u{x,w). The conditional gauge function u{x,w) 

is jointly continuous on D x dmD. 

(2) For every x € D and w G dmD, Kd{x,w) := Imio^y^^ VdIxoI) ^^'^^^^ ^''^(^ ^-^ finite. Further- 

more, 

Kd{x,w) = Md{x,w)^^^^^ (7.10) 
and so K{x, w) is jointly continuous on D x dmD; 

(3) Assume D is a bounded C^'"*^ domain and let pd{x) be the distance between x and dD, then 

there is a constant c > 1 such that 

-1 Pd{x) ^ I ^ , Pd{x) 
c <Kd{x,w) <c- -T. (7.11) 

\x — w\"- \x — W\"' 

Proof. (1) and (2) are proved in Theorem 3.4 in 7 (also see section 6 in [Jj for the extension). 
Estimate ()7.11() follows directly from ()7.1U|1 above and Theorem 7.7 in jl4j . □ 



Definition 7.4 A Borel function u defined on U is said to be u -harmonic for in an open subset 
U ofD if 

E^[eA{TB)\u{X^^)\] <^ and [eA{TB)u{X^J] = u{x), xeB, 

for every open set B whose closure is a compact subset of U . If U = D, then u is said to be 
v-harmonic for X^ . 

The following two theorems are proved in [7]. (Lemma 3.6, Theorems 5.11-5.12, Theorem 
5.14-5.16 [7]. Also see section 6 in j7] for the extension.) 

Theorem 7.5 For every z G dmD, x ^ K£){x,z) is a minimal v-harmonic function of X^ . That 
is, if h is a v-harmonic function of X^ and < h{x) < K£){x,z), then h{x) = cK£){x,z) for some 
constant c < 1. Moreover, for zi Z2 £ dmD, K£){-,zi) ^ K£){-,Z2). 

Recall that a nonnegative Borel function / defined on D is said to be //-excessive for X^ if for 
every x £ D and t > 0, QP f{x) < f{x) and 

hmQf/(x) = /(x). 
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Theorem 7.6 The minimal Martin boundary for the Schrddinger semigroup {Qf ,t > 0} can 
be identified with the minimal Martin boundary dmD of X^. Furthermore for every u-excessive 
function f of that is not identically infinite, there is a unique Radon measure on D and a 
unique finite measure ^2 on dD such that 

f{x)= [ VDix,y)i^i{dy)+ [ KD{x,z)fi2{dz). (7.12) 

Jd JdmD 

Function f is v-harmonic for X^ if and only /xi = 0. 

Conversely, if is a Radon measure in D such that VD{x,y)fii{dy) is not identically infinite 
and /i2 is finite measure on dD, then the function f given by is a nonnegative u-excessive 

function of X^ that is not identically infinite. 

Therefore we conclude that the minimal Martin boundary is stable under Feynman-Kac per- 
turbation if 1/ G Soo(-'^'^) such the gauge function x 1-^ E^; [eyi(r£))] is bounded. Furthermore we 
see that there is a one-to-one correspondence between the space of excessive functions (the space 
of positive harmonic functions) of X^ that are not identically infinite and the space of i/-excessive 
functions (the space of positive i^-harmonic functions, respectively) of X^ that are not identically 
infinite through measures /xi and ^2- 

Since the Martin measure 112 is finite and K£){x, z) is jointly continuous on D x dmD, we have 
the continuity for j^-harmonic functions of X^. 

Theorem 7.7 If u > is v-harmonic for X^ , then u is continuous in D. 

In JH]) we have shown that for every bounded Lipschitz domain D, there is a one-to-one 
correspondence between the minimal Martin boundary dmD for X^ and the Euclidean boundary 
dD (see Theorem 5.7 in |15|). Thus from Theorem 17.61 we have 

Theorem 7.8 For every bounded Lipschitz domain D, the (minimal) Martin boundary for the 
Schrddinger semigroup {Qf ,t > 0} can be identified with the Euclidean boundary. Furthermore, 
for every u-excessive function f of X^ that is not identically infinite, dD there is a unique Radon 
measure fii on D and a unique finite measure ^2 on dD such that 

f{x)= [ VD{x,y)^ii{dy)+ f KDix,z)fi2{dz). (7.13) 
Jd JdD 

Function f is v-harmonic for X^ if and only /xi = 0. 

Remark 7.9 In 16,, by using the Green function estimates and our Proposition^^ we show that, 
in fact, Krf 2 is contained in Soo(^^) if is bounciccl Lipschitz. 
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